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Particle beams provided by accelerators occupy a finite volume of the four dimensional transverse
phase space. The latter is spanned by the four degrees of freedom, i.e., horizontal/vertical position
and momentum. This volume is referred to as emittance. Horizontal and vertical emittances are
obtained through projections onto the two transverse sub-phase spaces. Eigen-emittances are ob-
tained from the latter by removing all horizontal-vertical correlations through an appropriate beam
optics section. Canonical vorticity flux is used for instance for modelling dynamics of tubes formed
by magnetic field lines and particle currents embedded into plasmas. This report is on the relation
of eigen-emittances and canonical vorticity flux. Change of beam eigen-emittances is equivalent to
change of beam canonical vorticity flux.
I. INTRODUCTION
Recently the extension of Busch’s theorem [1] to accel-
erated particle beams has been formulated. This exten-
sion relates the change of eigen-emittances [2] to mag-
netic flux through the beam area. The present report is
based on this extension and hence repeats parts of the
corresponding reference [3]. In the first section of this re-
port some basic terms are defined and eigen-emittances
and their preservation under symplectic transformations
is recapitulated. In the following the role of beam vor-
ticity within this preservation is described. Finally, it
is shown that the extended theorem is equivalent to the
statement that change of eigen-emittances is equivalent
to change of canonical vorticity flux.
II. PRESERVATION OF EIGEN-EMITTANCES
Using conjugated momenta intrinsically includes the
magnetic vector potential ~A into the equations of mo-
tion. In linear systems, the normalized transverse conju-
gated momenta px and py are related to the derivatives
of the particle position coordinates (x, y) w.r.t. the main
longitudinal direction of motion ~s through
px := x
′ +
Ax
(Bρ)
= x′ − yBs
2(Bρ)
, (1)
py := y
′ +
Ay
(Bρ)
= y′ +
xBs
2(Bρ)
, (2)
where Bs is the longitudinal component of the magnetic
field, and (Bρ) is the particle rigidity, i.e., its momentum
per charge P/(qe), with P = mγβc as total mechanical
∗ la.groening@gsi.de
† mchung@unist.ac.kr
momentum, e as elementary charge, and q as charge num-
ber. The transverse mechanical momenta are accordingly
Px/y := mγvx/y , (3)
with m as particle rest mass, γ and β as relativistic fac-
tors, vx/y as transverse velocities, and c as velocity of
light.
Projected transverse beam rms-emittances [4] are de-
fined through the particle distribution second momenta
ε˜2x = 〈x2〉〈p2x〉 − 〈xpx〉2 (4)
ε˜2y = 〈y2〉〈p2y〉 − 〈ypy〉2 . (5)
Second moments 〈uv〉 are defined through a normalized
distribution function fb as
〈uv〉 =
ˆ ˆ ˆ ˆ
fb(x, px, y, py)·uv ·dx dpx dy dpy . (6)
Throughout the paper quantities written as Q˜ are calcu-
lated from conjugated coordinates (x, px, y, py) and those
written as Q are calculated from laboratory coordinates
(x, x′, y, y′); hence, Q is obtained from Q˜ by substituting
(px, py)→ (x′, y′) in the expression defining Q˜.
The two eigen-emittances ε˜1/2 introduced in [2]
are equal to the two projected transverse beam rms-
emittances ε˜x/y, if and only if there are no correlations
between the two transverse planes. Eigen-emittances can
be obtained by solving the complex equation
det(JC˜ − iε˜1/2I) = 0 , (7)
where I is the identity matrix and
C˜ =


〈x2〉 〈xpx〉 〈xy〉 〈xpy〉
〈xpx〉 〈p2x〉 〈ypx〉 〈pxpy〉
〈xy〉 〈ypx〉 〈y2〉 〈ypy〉
〈xpy〉 〈pxpy〉 〈ypy〉 〈p2y〉

 , (8)
J =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 . (9)
2For two degrees of freedom, the two eigen-emittances
can be calculated from [5]
ε˜1/2 =
1
2
√
−tr[(C˜J)2]±
√
tr2[(C˜J)2]− 16 det(C˜) .
(10)
As the two eigen-emittances are preserved by symplectic
transformations [2], the sum of their squares is preserved
as well, i.e.,
ε˜21 + ε˜
2
2 = −
1
2
tr[(C˜J)2]
= ε˜2x + ε˜
2
y + 2 (〈xy〉〈pxpy〉 − 〈ypx〉〈xpy〉)
= const.
(11)
It is emphasized that this preservation holds strictly
for the paraxial approximation and for mono-energetic
beams as pointed out in [6]. The definitions of px and py
are plugged into Eq. (8) and Eq. (10) is used afterwards.
Expanding Eq. (11) and using
ε21 + ε
2
2 = (ε1 − ε2)2 + 2 · ε4d , (12)
together with the invariance of the four-dimensional rms-
emittance ε24d = det(C) = (ε1ε2)
2, finally leads to
(ε1 − ε2)2 +
[
ABs
(Bρ)
]2
+
2
Bs
(Bρ)
[〈y2〉〈xy′〉 − 〈x2〉〈yx′〉+ 〈xy〉(〈xx′〉 − 〈yy′〉)]
= const ,
(13)
where A =
√
〈x2〉〈y2〉 − 〈xy〉2 is the rms-area of the
beam divided by π as sketched in Fig. 1. In the fol-
lowing, only laboratory coordinates are used, as the ex-
tended theorem shall be finally applicable to experiments
that use these coordinates.
The first term of the left-hand side of Eq. (13) is the
squared difference of the beam eigen-emittances in lab-
oratory coordinates. The second term is the square of
the magnetic flux through the beam rms-area ~A. In the
following, it is shown that the essential part of the third
term
WA := 〈y2〉〈xy′〉 − 〈x2〉〈yx′〉+ 〈xy〉(〈xx′〉 − 〈yy′〉) (14)
is the rms-averaged beam vorticity multiplied by the half
of the beam rms-area.
III. BEAM VORTICITY
We choose the ansatz assigning WA to the rotation
(~∇×) of the mean, i.e., averaged over (x′, y′) space,
beam angle ~¯r′(x, y, s) being integrated over the beam
FIG. 1. Definition of the beam rms-area for the case of
〈xy〉 = 0 and of the four path sections Pi comprising the in-
tegral enclosing this area.
rms-area, and finally multiplied by the half of the beam
rms-area [7]:
WA = A
2
ˆ
A
[
~∇× ~¯r′(x, y, s)
]
d ~A (15)
being equivalent to
WA = A
2
˛
C
~¯
r′(x, y, s) d~C , (16)
where ~¯r′(x, y, s) := [x¯′(x, y, s), y¯′(x, y, s), 1].
In plasma physics the rotation of a media’s velocity
(~∇× ~v) is called the vorticity. As WA from Eq. (16) by
construction is invariant under rotation by any angle in
the (x, y) plane, Eq. (16) may be worked out for a beam
with 〈xy〉 = 0 without loss of generality (imagine that
prior to the calculation ofWA the beam is rotated around
the beam axis by an angle that puts 〈xy〉 to zero [8]). Fig-
ure 1 illustrates the beam rms-area and the path integral
enclosing this area. The transverse components of ~¯r′ are
expressed through
x¯′(x, y) :=
〈x′x〉
〈x2〉 x +
〈x′y〉
〈y2〉 y, (17)
y¯′(x, y) :=
〈y′x〉
〈x2〉 x +
〈y′y〉
〈y2〉 y. (18)
Figure 2 illustrates as an example the constant slope
(∂y¯′/∂x) of y¯′ in the projection of the four-dimensional
rms-ellipsoid onto the (x, y′) plane.
3FIG. 2. Projection of the four-dimensional rms-ellipsoid onto
the (x, y′) plane and the constant slope (∂y¯′/∂x).
Using the above relations the path integral is calcu-
lated as the sum
WA = A
2
4∑
i=1
Pi (19)
as sketched in Fig. 1. Accordingly,
P1 =
ˆ +√〈y2〉/2
−
√
〈y2〉/2
y¯′(x =
√
〈x2〉
2
, y∗) dy∗
=
ˆ +√〈y2〉/2
−
√
〈y2〉/2
[
〈y′x〉
〈x2〉
√
〈x2〉
2
+
〈yy′〉
〈y2〉 y
∗
]
dy∗
=
〈y′x〉
〈x2〉
√
〈x2〉
√
〈y2〉
= P3
(20)
and
P2 =
ˆ −√〈x2〉/2
√
〈x2〉/2
x¯′(x∗, y =
√
〈y2〉
2
) dx∗
=
ˆ −√〈x2〉/2
√
〈x2〉/2
[
〈xx′〉
〈x2〉 x
∗ +
〈x′y〉
〈y2〉
√
〈y2〉
2
]
dx∗
= −〈x
′y〉
〈y2〉
√
〈y2〉
√
〈x2〉
= P4 .
(21)
Using these expressions leads to
A
2
4∑
i=1
Pi =
√
〈x2〉〈y2〉
[
〈y′x〉√
〈x2〉
√
〈y2〉 − 〈x
′y〉√
〈y2〉
√
〈x2〉
]
,
(22)
finally confirming
A
2
4∑
i=1
Pi = 〈y2〉〈xy′〉 − 〈x2〉〈yx′〉
=
A
2
˛
C
~¯
r′d~C := WA .
(23)
Applying this integral formulation of WA the extended
Busch theorem reads
(ε1 − ε2)2 +
[
ABs
(Bρ)
]2
+
ABs
(Bρ)
˛
C
~¯
r′d~C = const . (24)
The second summand is re-expressed as an integral and
to the third one Stoke’s law is applied, hence
(ε1 − ε2)2+
ABs
(Bρ)

 1
(Bρ)
ˆ
A
[
~∇× ~A
]
d ~A +
ˆ
A
[
~∇× ~¯r′
]
d ~A


= const
(25)
and ~¯r′ is replaced through
~¯
r′ =
~P
mγβc
=
~P
(Bρ)eq
(26)
thus
(ε1 − ε2)2+
ABs
(Bρ)2eq

ˆ
A
[
~∇× eq ~A
]
d ~A +
ˆ
A
[
~∇× ~P
]
d ~A


= const
(27)
being equivalent to
(ε1 − ε2)2 + ABs
(Bρ)2eq
ˆ
A
~∇×
[
~P + eq ~A
]
d ~A = const .
(28)
Defining ~Pc as the canonical momentum this expression
simplifies to
(ε1 − ε2)2 + ABs
(Bρ)2eq
ˆ
A
[
~∇× ~Pc
]
d ~A = const . (29)
In plasma physics the canonical vorticity is defined as [9]
~Ωc := ~∇× ~Pc . (30)
4Hence the right hand term of Eq. (29) is the flux of canon-
ical vorticity through the beam rms-area. Summarized,
the extended Busch theorem states that change of eigen-
emittances is equivalent to change of canonical vorticity
flux, i.e.,
(ε1 − ε2)2 + ABs
(Bρ)2eq
ˆ
A
~Ωcd ~A = const . (31)
For the time being, acceleration has not been included
into the treatment. This can be done simply by multi-
plying Eqs. (1) and (2) initially by P = mγβc. Doing
so the extension of Busch’s theorem to beams including
acceleration is
(εn1 − εn2)2 + eqABs
(mc)2
ˆ
A
~Ωcd ~A = const , (32)
where the index n refers to the normalization through
multiplication with the relativistic factor βγ, which ac-
counts for emittance reduction by acceleration.
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